In this paper we obtain some identities for the infinite sum of the reciprocal generalized Fibonacci numbers and the infinite sum of the square of the reciprocal generalized Fibonacci numbers.
Introduction
Throughout this paper we use the notation {G n } ∞ n=0 = S(G 0 , G 1 , x, y) to denote the generalized Fibonacci numbers {G n } ∞ n=0 generated from the recurrence relation G n = xG n−1 + yG n−2 , n ≥ 2, with initial conditions G 0 and G 1 , where G 0 is a nonnegative integer and G 1 , x and y are positive integers. Hence {G n } ∞ n=0 = S(0, 1, 1, 1) is the Fibonacci numbers, {G n } ∞ n=0 = S(2, 1, 1, 1) is the Lucas numbers, and {G n } ∞ n=0 = S(0, 1, 2, 1) is the Pell numbers etc.
Recently Ohtsuka and Nakamura [1] reported some interesting properties of Fibonacci numbers. They proved that, for the Fibonacci numbers {G n } ∞ n=0 = where x ≥ 2.
For other interesting results, see [5] , [6] , [7] , [8] , [9] and references cited therein.
In this paper we present unified results in the same direction for a generalized Fibonacci numbers {G n } ∞ n=0 = S(c, d, x, 1). The results obtained here are quite general and include (1)-(8) as special cases.
Main Results
The following lemma [2] below will be used to prove Theorem 2.1 and Theorem 2.2.
Theorem 2.1 For the generalized Fibonacci numbers
, there exist positive integers n 0 , n 1 , n 2 and n 3 such that (a) and (b) below hold:
if n is even and n ≥ n 0 ; G n − G n−1 , if n is odd and n ≥ n 1 .
Proof. Firstly we consider the case where c
where
If n is even, then X 1 < 0, and
Repeatedly applying the above inequality, we have
Similarly we obtain
On the other hand, again using Lemma 2.1, we obtain
, where
If n is even, then there exists a positive integer n 0 such that X 2 > 0 for n ≥ n 0 and 1
, if n is even and n ≥ n 0 .
Now, by Lemma 2.1,
If n is odd, then there exists a positive integer n 1 such that X 3 < 0 for n ≥ n 1 and 1
.
Then, (9) follows from (11), (12), (13) and (14). The proof of (10) can be proceeded similarly, and is omitted.
, it is easily seen that X 2 ≥ 0 for n odd and X 3 < 0 for n even. Then, (10) reduces to (3).
Remark 2.2 For {G n } ∞ n=0 = S(c, 1, 1, 1) (c ≥ 1), we have that and X 2 > 0 if n is odd and large, and X 3 < 0 if n is odd and large. Then, (9) reduces to (5).
Remark 2.3 Consider {G n } ∞ n=0 = S(2, x, x, 1). If n is even and n ≥ 2, then
Similarly, if n is odd and n ≥ 3, then
Consequently, (7) is a special case of (9). 
is not an integer multiple of x 2 + 2, define
where [·] denotes the integer part. Then there exist positive integers n 4 , n 5 , n 6 and n 7 such that
if n is even and n ≥ n 4 ; xG n−1 G n − g, if n is odd and n ≥ n 5 ,
n is even and n ≥ n 6 ; xG n−1 G n − g − 1, if n is odd and n ≥ n 7 .
is an integer multiple of x 2 + 2, define
Then there exist positive integers n 8 and n 9 such that
n is even and n ≥ n 8 ; xG n−1 G n − g, if n is odd and n ≥ n 9 .
Proof. Firstly we consider the case where
is not an integer multiple of x 2 + 2 and c 2 + cdx − d 2 > 0. In this case, (15) implies
By Lemma 2.1, we have
There exists a positive integern 4 such that Y 1 > 0 if n is even and n ≥n 4 and
, if n is even and n ≥n 4 .
Similarly, using Lemma 2.1,
There exists a positive integern 5 such that Y 2 < 0 if n is odd and n ≥n 5 and
, if n is odd and n ≥ n 5 .
On the other hand,
There exists a positive integerñ 4 such that Y 3 < 0 if n is even and n ≥ñ 4 and
, if n is even and n ≥ñ 4 .
Similarly there exists a positive integerñ 5 such that
, if n is odd and n ≥ñ 5 .
Then (16) follows from (20), (21), (22) and (23). The proof of (17) can be proceeded similarly, and is omitted. Now suppose that
is an integer multiple of x 2 + 2. Then there exist positive integersn 8 andn 9 such that Y 2 < 0 if n is even and n ≥n 8 , or if n is odd and n ≥n 9 . Then
, if n ≥n 8 is even or if n ≥n 9 is odd. , if c ≡ 1 (mod 3).
Hence (6) is a special case of (16).
Remark 2.6 Consider {G n } ∞ n=0 = S(2, x, x, 1). Then, for x ≥ 2, g = x 2 + 4 − 2x 2 + 8 x 2 + 2 = x 2 + 2, and (16) reduces to (8) .
